It was conjectured by Jackson et.al. that the finite volume effective partition function of QCD with the topological charge M − N coincides with the Itzyskon-Zuber type integral for M × N rectangular matrices. In the present article we give a proof of this conjecture, in which the original Itzykson-Zuber integral is utilized.
Introduction
Let us start with quantum chromodynamics (QCD) with N flavors and a nonzero vacuum angle θ. 
where ω = 1 32π 2 trǫ µναβ F µν F αβ .
(1.5)
We assume that the space-time constitutes the four-dimensional torus with the volume V . The winding number (or topological charge) ν of the gauge field, which is expressed as
is a topological invariant. The partition function Z(θ) is written as
where Z ν is the partition function in the sector with topological charge ν. We consider the region in which the volume V is large and where σ and S represent respectively the quark condensate and the quark mass scale. In the low-energy theory, the Goldstone bosons dominate the partition function. In the present case the Goldstone bosons are described by matrix fields U (x) in SU (N ). The partition function takes the form
where f is the pion-decay constant and Re means the real part. By setting U (x) = U 0 U 1 (x) and ignoring the non-zero modes fluctuations associated with U 1 (x), we arrive at the effective QCD partition function in terms of the collective variable
Hereafter we denote by µ the normalized measure with the two-sided invariance. From (1.10) it is deduced that Z ν is expressed as an integral over U (N ):
In case quarks have equal masses, the U (N )-integral in (1.11) is carried out in [1] . For different quark masses the explicit expression for Z ν=0 is obtained in [2] . The key of the derivation in [2] is the Itzykson-Zuber type integral for complex matrices and ξ 0 (x) is defined by
There is a straightforward correspondence between Z ν=0 and (1.12) for M = N . What was conjectured in [2] is that Z ν for general ν also corresponds to (1.12) for M = N + ν. In the present article we shall give a proof to this conjecture. In our proof we make use of the original Itzykson-Zuber integral [3] .
Correspondence between Itzykson-Zuber type Integral and Partition Function
The correspondence between Z ν and the integral (1.12) is easily certified. We assume that M ≥ N without losing any generality. We set
where v = V σ is a real positive number and M is an N × M matrix such as
Then the Itzykson-Zuber type integral (1.12) becomes
In case M = N the double integral in (2.4) reduces to a single integral:
This is exactly the partition function Z 0 in the sector with topological charge ν = 0. Furthermore, by giving examples which suggest the existence of the correspondence for general ν, it was conjectured in [2] that
Proof of the Conjecture
For definiteness sake we shall add a suffix which specifies the number of the flavors to the partition function in the sector with topological charge ν, that is,
By properly choosing S ∈ SU (N ) and Λ = diag(e ix1 , e ix2 , · · · , e ixN ), where x i ∈ R, the matrix U ∈ U (N ) is expressed as
The well-known transformation of the variables of the integrations [4] reads
In terms of S and Λ, (3.1) is transformed to
The expression (3.4) has a great advantage because the SU (N ) integration is readily carried out by using the original Itzykson-Zuber integral [3] ,
where ∆ is the Vandermonde determinant, for instance,
Consequently there remain the integrations over N variables:
In the next place, let us examine G M,N (M). It can be shown that
For the right-hand-side of (3.9) a similar kind of decomposition as for Z N ν is possible. As a result, G M,N (M) is rewritten as
We shall prove the conjecture that
by comparing (3.8) with (3.11). We start from (3.11). The fraction det e vmj cos xi 1≤i,j≤M ∆(cos x)∆(m) (3.14)
in (3.11) is decomposed by using the Schur function S {λ} as
For our purpose, it is important to note that the Schur functions have the property [5] ,
It follows from (3.16) that det e vmj cos xi 1≤i,j≤M
Since the notational convention of the Schur function is rather inconvenient to the discussions below, we introduce a function T
The Schur function and T
(L)
{k1,··· ,kL} are related by
Note that 
Putting (3.11), (3.20) and (3.23) together we get
The infinitesimal positive number ǫ is introduced to avoid the "pseudo" poles at x i = −x α . With a change of variables y i = e ixi , the integration over {x i : N + 1 ≤ i ≤ M } in the last expression in (3.24) is transformed to the contour integral as
where C ǫ is a circle with radius e −ǫ centered at the origin of the complex plane. Equation (3.25) is immediately integrated out:
Inserting (3.26) in (3.24) we find that which is proportional to (3.8) with ν = M − N . This proves the conjecture (3.13).
